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SPHERICALIZATION WITH ITS APPLICATIONS IN GROMOV
HYPERBOLIC SPACES
QINGSHAN ZHOU, YAXIANG LI ∗, AND XINING LI
Abstract. In this paper, we study certain applications of sphericalization in
Gromov hyperbolic metric spaces. We first show that the doubling property re-
garding two classes of metrics on the Gromov boundary of hyperbolic spaces are
coincided. Next, we obtain a characterization of unbounded Gromov hyperbolic
domains via metric spaces sphericalization. Finally, we investigate the topolog-
ical equivalence of Gromov hyperbolic ϕ-uniform domains between the Gromov
boundary and the inner metric boundary.
1. Introduction and main results
The sphericalization of a locally compact metric space was first introduced by
Bonk and Kleiner [3] in defining a metric on the one point compactification of
an unbounded space. It is a natural generalization of the deformation from the
Euclidean distance on Rn to the chordal distance on Sn. In [29], Wang and Yang
introduced a chordal distance on p-adic numbers which is an ultra-metric. Recently,
the authors generalized this notation to ultra-metric spaces and provided a new
proof for a recent work of Heer [13] concerning the quasimo¨bius uniformization of
Cantor set in [31].
Inspired by [3], Balogh and Buckley in [2] defined a flattening transformation on a
bounded metric space. It was shown in [8] that these two conformal transformations
are dual in the sense that if one starts from a bounded metric space, then performs
a flattening transformation followed by a sphericalization, then the object space is
bilipschitz equivalent to the original space. This duality comes from the idea that
the stereographic projection between Euclidean space and the Riemann sphere can
be realized as a special case of inversion. Sphericalization and flattening have a lot
of applications in the area of analysis on metric spaces and asymptotic geometry,
such as [2, 8, 9, 14, 20].
Recently, Wildrick investigated the quasisymmetric parametrization of unbounded
2-dimensional metric planes by using the sphericalization (named by a warping
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process in [30]). It was shown in [17] that two visual geodesic Gromov hyper-
bolic spaces are roughly quasi-isometric if and only if their Gromov boundaries are
quasimo¨bius equivalent by virtue of the flattening and sphericalized deformations.
In [22], Mineyev studied the metric conformal structures on the idea boundaries of
hyperbolic complexes via sphericalization.
In this paper, we investigate certain applications of sphericalization in Gromov
hyperbolic metric spaces. In [11], Gromov observed that the essential large scale
geometry of classical hyperbolic spaces Hn is determined by a δ-inequality concerning
quadruples of points, and meanwhile introduced the concept of δ-hyperbolicity for
general metric spaces. Since its appearance, the theory of Gromov hyperbolicity
has been found numerous applications in the study of geometric group theory and
geometric function theory, for instance [1, 4, 7, 18] and the references therein.
We briefly review the theory of Gromov hyperbolic spaces. For a more complete
exposition, see [7, 9] or Subsection 2.4. A geodesic metric space X is called Gromov
hyperbolic if there is a constant δ ≥ 0 such that each point on the side of any geodesic
triangle is within the distance δ from some point on one of the other two sides.
The Gromov boundary of X , denoted by ∂∞X , is defined as the set of equivalence
classes of geodesic rays, with two geodesic rays γi, i = 1, 2, being equivalent if the
Hausdorff distance distH(γ1, γ2) <∞. There is a cone topology on X ∪∂∞X so that
it is metrizable, see [7]. In [9], Buyalo and Schroeder systematically investigated
two different kinds of metrics (namely, Bourdon metric and Hamensta¨dt metric, for
the definitions see Section 2) on ∂∞X which are respectively based at a point in X
and ∂∞X (cf. [6, 12]).
As the first aim of this paper, we show that the doubling property of these two
conformal gauge on the Gromov boundary of a Gromov hyperbolic space are coin-
cided.
Theorem 1.1. Let X be a Gromov hyperbolic space and ∂∞X its Gromov boundary.
Then ∂∞X is doubling for any Bourdon metric if and only if it is doubling for any
Hamensta¨dt metric.
The terminology used in Theorem 1.1 and in the rest of this section will be
explained in Section 2.
Remark 1.2. In [20], the third author and Shanmugalingam showed that the pro-
cess of sphericalization preserves the Ahlfors regular and doubling measures in metric
spaces. With the aid of this quantitative result, Heer [13] proved the quasimo¨bius
invariance of doubling metric spaces, which is needed in the proof of Theorem 1.1.
In this note, we provide a quite different but direct proof for Heer’s result by means
of Assouad’s embedding Theorem (see [5, Theorem 8.1.1]).
The doubling property of metric spaces plays an important role in the area of
analysis on metric spaces. For instance, Herron [15] demonstrated that a Gromov
hyperbolic abstract domain with doubling Gromov boundary carries a uniformizing
volume growth density. Recently, Wang and Zhou [28] studied the equivalence of
weakly quasimo¨bius maps and quasimo¨bius maps on doubling quasi-metric spaces.
A metric space X is said to be of bounded growth at some scale, if there exist
constants r and R with R > r > 0, and N ∈ N such that every open ball of radius
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R in X can be covered by N open balls of radius r. In [5], Bonk and Schramm
proved that a Gromov hyperbolic space with bounded growth at some scale embeds
rough isometrically into the classical hyperbolic spaces with higher dimension. In
[9], Buyalo and Schroeder provided a different proof of this result. According to
[5, Theorem 9.2] every Gromov hyperbolic geodesic space X of bounded growth at
some scale has a boundary ∂∞X of finite Assouad dimension (which is equivalent to
the doubling condition, see [23]). Here ∂∞X is equipped with any visual (Bourdon)
metric. Recently, Herron corroborated that a locally Ahlfors regular abstract domain
is bounded growth at some scale associated to the quasihyperbolic metric, see [15,
Proposition 3.6]. Combining these results with Theorem 1.1 we obtain the following
two corollaries; for the related definitions see [5, 15].
Corollary 1.3. Let X be a Gromov hyperbolic geodesic metric space with bounded
growth at some scale. Then the Gromov boundary equipped with any Bourdon or
Hamensta¨dt metric is doubling.
Corollary 1.4. Let Ω be a locally quasiconvex locally Ahlfors Q-regular abstract
domain with a Gromov hyperbolic quasihyperbolization. Then the Gromov boundary
equipped with any Bourdon or Hamensta¨dt metric is doubling.
The second goal of this paper is to explore the characterization of Gromov hy-
perbolic domains; here and hereafter, a Gromov hyperbolic domain always means
an incomplete metric space which is Gromov hyperbolic in its quasihyperbolic met-
ric k (see Definition 2.2). In [18], Koskela, Lammi and Manojlovic´ proved that if
(Ω, d) is a bounded abstract domain, then (Ω, k) is Gromov hyperbolic if and only
if the length space (Ω, ld) satisfies both the Gehring-Hayman condition and the ball
separation condition. It is natural to ask whether this result holds for unbounded
domains. In this work, we consider the unbounded case via sphericalization and
establish the following result similar to [18, Theorem 1.2].
Theorem 1.5. Let Q > 1 and let (X, d, µ) be an Ahlfors Q-regular metric measure
space with (X, d) an annular quasiconvex, proper and geodesic space. Let Ω ( X be
a domain (an open connected set), and let ld be the length metric on Ω associated to
d. Then (Ω, k) is Gromov hyperbolic if and only if (Ω, ld) satisfies both the Gehring-
Hayman condition and the ball separation condition.
In [4], Bonk, Heinonen and Koskela proved that a bounded domain in Rn is uni-
form if and only if it is Gromov hyperbolic with respect to the quasihyperbolic
metric and there is a natural quasisymmetric identification between the Euclidean
boundary and the Gromov boundary. Recently, Lammi [19] showed that the inner
boundary of a Gromov hyperbolic domain with a suitable growth condition in the
quasihyperbolic metric is homeomorphic to the Gromov boundary. Note that the
quasihyperbolic boundary condition stated in [19] implies the boundness of the do-
main. So it is natural to ask whenever the Gromov boundary and the inner metric
boundary of an unbounded Gromov hyperbolic domain are homeomorphic.
Motivated by these considerations, we focus on the study of the boundary behavior
of Gromov hyperbolic domains, particularly, for unbounded domains. It was shown
in [4, 10] that there is a characterization of uniform domains (see Definition 2.6) in
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terms of two metrics, the quasihyperbolic metric k and the distance ratio metric j
(see (2.3)). That is, a domain D is uniform in Rn if and only if there exist constants
c1 ≥ 1 and c2 ≥ 0 such that for all x, y ∈ D,
(1.6) kD(x, y) ≤ c1jD(x, y) + c2.
Subsequently, Vuorinen observed that the additive constant c2 on the right hand side
of (1.6) can be chosen to be 0. This observation leads to the definition of ϕ-uniform
domains introduced in [27].
Definition 1.7. Let X be a rectifiably connected, locally compact and complete
metric space, and let D ( X be a domain with dD(x) = dist(x, ∂D) for all x ∈ D.
Let ϕ : [0,∞)→ [0,∞) be a homeomorphism. We say that D is ϕ-uniform if for all
x, y in D,
kD(x, y) ≤ ϕ(rD(x, y)) where rD(x, y) = d(x, y)
dD(x) ∧ dD(y) .
Here and hereafter, r ∧ s = min{r, s} for all r, s ∈ R.
In [24], Va¨isa¨la¨ has also investigated this class of domains, and pointed out that
these two classes of domains are the same provided ϕ is a slow function (i.e. a
function ϕ satisfying limt→∞ ϕ(t)/t = 0). We remark that every convex domain is
ϕ-uniform with ϕ(t) = t. However, in general, convex domains need not be uniform.
For example, D = {(x1, x2) ∈ R2 : 0 < x2 < 1} is ϕ-uniform with ϕ(t) = t, but it is
not uniform.
The third purpose of this paper is to study whether or not the ϕ-uniformity condi-
tion is sufficient for the homeomorphism equivalence between the Gromov boundary
and metric boundary of Gromov hyperbolic domain. Our result in this direction is
as follows.
Theorem 1.8. Let Q > 1 and let (Ω, d, µ) be a locally compact, c-quasiconvex,
Ahlfors Q-regular incomplete metric measure space. Assume that (Ω, k) is roughly
starlike Gromov hyperbolic and (Ω, d) is ϕ-uniform, where k is the quasihyperbolic
metric of Ω.
(1) If Ω is bounded and
∫∞
1
dt
ϕ−1(t)
< ∞, then the Gromov boundary and the
metric boundary of Ω are homeomorphic;
(2) If Ω is unbounded and
∫∞
1
dt√
ϕ−1(t)
<∞, then the Gromov boundary of Ω and
∂Ω∪ {∞} are homeomorphic. Here and hereafter, Ω∪ {∞} is the one point
compactification of the space (Ω, d) and ∂Ω ∪ {∞} = Ω ∪ {∞} \ Ω.
Note that Theorem 1.8 is new even for Gromov hyperbolic domains in Rn. It
follows from [4, Theorem 1.11] that (inner) uniform domains in Rn are Gromov
hyperbolic. However, ϕ-uniform domains need not be Gromov hyperbolic. Let
G = {(x1, x2, x3) ∈ R3 : 0 < x3 < 1}. Thus G is a convex domain which is ϕ-
uniform with ϕ(t) = t. Moreover, it is not difficult to check that G is LLC2 (see
[4, Chapter 7]) but not c-uniform for any c ≥ 1. Hence we see from [4, Proposition
7.12] that G is not δ-hyperbolic for any δ ≥ 0.
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We note that a Gromov hyperbolic ϕ-uniform domain in Rn is not necessarily
uniform. For instance, Ω = {(x1, x2) ∈ R2 : 0 < x2 < 1} is a plane simply connected
convex domain, and therefore it is a Gromov hyperbolic ϕ-uniform domain. But it
is not uniform. Therefore, Theorem 1.8 is a generalization of the results in [4, 19].
Moreover, the unbounded case is also in our considerations by using the sphericalized
transformation.
The organization of this paper is as follows. In Section 2, we recall some definitions
and preliminary results. In Section 3, we will prove the main results.
2. Preliminary and Notations
2.1. Metric geometry. In this paper, we always use (X, d), (X ′, d′), (Y, d) etc
to denote metric spaces. For (X, d), its metric completion and metric boundary
are denoted by X and ∂X := X \ X , respectively. A domain D ⊂ X is an open
connected set.
The open (resp. closed) metric ball with center x ∈ X and radius r > 0 is denoted
by
B(x, r) = {z ∈ X : d(z, x) < r} (resp. B(x, r) = {z ∈ X : d(z, x) ≤ r}).
We say that X is incomplete if ∂X 6= ∅. X is called proper if all its closed balls are
compact.
By a curve, we mean a continuous function γ : I = [a, b]→ X . The length of γ is
denoted by
ℓ(γ) = sup
{ n∑
i=1
d
(
γ(ti), γ(ti−1)
)}
,
where the supremum is taken over all partitions a = t0 < t1 < t2 < . . . < tn = b.
The curve is rectifiable if ℓ(γ) <∞. We also denote the image γ(I) of γ by γ, and
the subcurve of γ with endpoints x and y by γ[x, y]. A curve γ is called rectifiable,
if the length ℓd(γ) <∞. A metric space (X, d) is called rectifiably connected if every
pair of points in X can be joined with a rectifiable curve γ.
Suppose the curve γ is rectifiable. The length function sγ: [a, b] → [0, ℓ(γ)] is
defined by
sγ(t) = ℓ(γ[a, t]).
Then there is a unique curve γs : [0, ℓ(γ)]→ X such that
γ = γs ◦ sγ .
Obviously, ℓ(γs[0, t]) = t for each t ∈ [0, ℓ(γ)]. The curve γs is called the arc-length
parametrization of γ.
For a rectifiable curve γ in X , the line integral over γ of each Borel function ̺ :
X → [0,∞) is defined as follows:∫
γ
̺ds =
∫ ℓ(γ)
0
̺ ◦ γs(t)dt.
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For c ≥ 1, a curve γ ⊂ X , with endpoints x, y, is c-quasiconvex, c ≥ 1, if its length
is at most c times the distance between its endpoints; i.e., if γ satisfies
ℓ(γ) ≤ cd(x, y).
X is c-quasiconvex if each pair of points can be joined by a c-quasiconvex curve.
Let c ≥ 1 and 0 < λ ≤ 1/2. An incomplete metric space (D, d) is said to be
locally (λ, c)-quasiconvex, if for all x ∈ D, each pair of points in B(x, λdD(x)) can
be joined with a c-quasiconvex curve. A geodesic γ joining x to y in X is a map
γ : I = [0, l]→ X from an interval I to X such that γ(0) = x, γ(l) = y and
d(γ(t), γ(t′)) = |t− t′| for all t, t′ ∈ I.
If I = [0,∞) or R, then γ is called a geodesic ray or a geodesic line. A metric space
X is said to be geodesic if every pair of points can be joined by a geodesic arc.
Every rectifiably connected metric space (X, d) admits a length (or intrinsic)
metric, its so-called length distance given by
ℓd(x, y) = inf ℓd(γ),
where the infimum is taken over all rectifiable curves γ joining x to y in X .
Definition 2.1. Let X be a metric space with p ∈ X , and let c ≥ 1. We say that
X is c-annular quasiconvex with respect to p, if for all r > 0, every pair of points
in the annular B(p, 2r) \ B(p, r) can be joined by a c-quasiconvex curve lying in
B(p, 2cr) \B(p, r/c). X is called c-annular quasiconvex if it is c-annular quasiconvex
at each point.
Definition 2.2. Let (X, d) be a rectifiably connected, locally compact and complete
metric space, and let D ( X is a domain. The quasihyperbolic length of a curve
γ ⊂ D is defined as
ℓk(γ) = ℓkD(γ) =
∫
γ
|dz|
dD(z)
.
For any x, y ∈ D, the quasihyperbolic distance k(x, y) between x and y is defined by
k(x, y) = kD(x, y) = inf ℓk(γ),
where the infimum is taken over all rectifiable curves γ joining x to y in D.
We remark that the resulting space (D, k) is complete, proper and geodesic when-
everD is locally quasiconvex (cf. [4, Proposition 2.8]). There is another useful metric
in the study of geometric function theory. We recall the definition of distance ratio
metric j as follows:
(2.3) jD(x, y) = log
(
1 +
d(x, y)
dD(x) ∧ dD(y)
)
.
Definition 2.4. Let (X, d) be a rectifiably connected, locally compact and complete
metric space, and let D ( X is a domain. Let Cgh ≥ 1 be a constant. We say that
D satisfies the Cgh-Gehring-Hayman inequality, if for all x, y in D and for each
quasihyperbolic geodesic γ joining x and y in D, we have
ℓ(γ) ≤ Cghℓ(βx,y),
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where βx,y is any other curve joining x and y in D. In other words, quasihyperbolic
geodesics are essentially the shortest curves in D.
Definition 2.5. Let (X, d) be a rectifiably connected, locally compact and complete
metric space, and let D ( X is a domain. Let Cbs ≥ 1 be a constant. We say
that D satisfies the Cbs-ball separation condition, if for all x, y in D and for each
quasihyperbolic geodesic γ joining x and y in D, we have for every z ∈ γ,
B(z, CbsdD(z)) ∩ βx,y 6= ∅,
where βx,y is any other curve joining x and y in D.
Definition 2.6. Let (X, d) be a rectifiably connected, locally compact and complete
metric space, and let D ( X is a domain. We say that D is c-uniform provided
there exists a constant c with the property that each pair of points x, y in D can
be joined by a rectifiable arc γ in D satisfying
(1) min{ℓ(γ[x, z]), ℓ(γ[z, y])} ≤ c dD(z) for all z ∈ γ, and
(2) ℓ(γ) ≤ c d(x, y),
where γ[x, z] the part of γ between x and z.
2.2. Mappings on metric spaces. In this part, we recall certain definitions for
mappings between metric spaces. Here primes always denote the images of points
under f , for example, x′ = f(x).
A quadruple in X is an ordered sequence Q = (x, y, z, w) of four distinct points
in X . The cross ratio of Q is defined to be the number
r(x, y, z, w) =
d(x, z)d(y, w)
d(x, y)d(z, w)
.
Observe that the definition is extended in the well known manner to the case
where one of the points is ∞. For example,
r(x, y, z,∞) = d(x, z)
d(x, y)
.
Suppose that η and θ are homeomorphisms from [0,∞) to [0,∞), and that f :
(X1, d1)→ (X2, d2) is an embedding between two metric spaces. Then
(1) we call that f is L-bilipschitz for some L ≥ 1 if for all x, y ∈ X1,
L−1d1(x, y) ≤ d2(x′, y′) ≤ Ld1(x, y).
(2) f is said to be η-quasisymmetric if for all x, y and z in X1,
d1(x, y) ≤ td1(x, z) implies that d2(x′, y′) ≤ η(t)d2(x′, z′).
(3) f is called θ-quasimo¨bius if for all x, y, z, w in X1,
r(x, y, z, w) ≤ t implies that r(x′, y′, z′, w′) ≤ θ(t).
For a set A in a metric space X , it is called c-cobounded in X for c ≥ 0, if every
point x ∈ X has distance at most c from A. If A is c-cobounded for some c ≥ 0,
then we say that A is cobounded in X [5].
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Definition 2.7. Let λ ≥ 1 and c ≥ 0. A mapping f : (X1, d1)→ (X2, d2) is said to
be a roughly (λ, c)-quasi-isometry, if f(X1) is c-cobounded in X2 and for all x, y ∈ X ,
1
λ
d1(x, y)− c ≤ d2(x′, y′) ≤ λd1(x, y) + c.
2.3. Sphericalization of metric measure spaces. In this subsection, we recall
some materials concerning metric measure spaces and sphericalization, for which we
refer to standard references [1, 14, 20].
Let (X, d) be a metric space. X is said to be doubling if there is a constant C
such that every (metric) ball B in X can be covered with at most C balls of half the
radius of B. A positive Borel measure µ on X is doubling if there is a constant Cµ
such that
µ(B(x, 2r)) ≤ Cµµ(B(x, r))
for all x ∈ X and r > 0. Moreover, X is said to be Ahlfors Q-regular if it admits a
positive Borel measure µ such that
C−1RQ ≤ µ(B(x,R)) ≤ CRQ
for all x ∈ X and 0 < R < diam(X) (it is possible that the diameter of X satisfies
diam(X) = ∞), where C ≥ 1 and Q > 0 are constants. Note that Ahlfors regular
spaces are necessarily doubling. For instance, the Euclidean space Rn with Lebesgue
measure satisfies the Ahlfors n-regularity.
Given an unbounded locally compact metric space (X, d) and a non-isolated point
a ∈ X , we consider the one point compactification X˙ = X ∪ {∞} and define
da : X˙ × X˙ → [0,∞) as follows
da(x, y) = da(y, x) =

d(x, y)
[1 + d(x, a)][1 + d(y, a)]
, if x, y ∈ X,
1
1 + d(x, a)
, if y =∞ and x ∈ X,
0, if x =∞ = y.
In general, da is not a metric onX , but a quasimetric. However, there is a standard
procedure, known as chain construction, to construct a metric from a quasimetric
as follows. Define
d̂a(x, y) := inf
{ k∑
j=0
da(xj , xj+1)
}
,
where the infimum is taken over all finite sequences x = x0, x1, ..., xk, xk+1 = y from
X˙ .
Then (X˙, d̂a) is a metric space and it is said to be the sphericalization of (X, d)
associated to the point a ∈ X˙ . Moreover, by [9, Lemmma 2.2.5], we have for all
x, y ∈ X˙
(2.8)
1
4
da(x, y) ≤ d̂a(x, y) ≤ da(x, y).
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In the case that (X, d) is a rectifiably connected unbounded metric space, we
define a Borel function ρa : X → [0,∞) by
ρa(x) =
1
[1 + d(a, x)]2
.
A similar argument as [8, 4.1 and (4.2)], we obtain that for any rectifiable curve γ
joining x and y,
(2.9) ℓd̂a(γ) =
∫
γ
ρa(z)|dz|.
Suppose that (X, d) is a proper space equipped with a Borel-regular measure µ
such that the measures of non-empty open bounded sets are positive and finite. We
define the spherical measure µa associated to the point a ∈ X as
µa(A) =
∫
A\{∞}
1
µ(B(a, 1 + d(a, z)))2
dµ(z).
2.4. Gromov hyperbolic spaces. In this subsection, we give some basic infor-
mation about Gromov hyperbolic spaces, for which we refer to standard references
[5, 7, 9, 11, 26].
We begin with the definition of δ-hyperbolic spaces. We say that a metric space
(X, d) is Gromov hyperbolic, if there is a constant δ ≥ 0 such that it satisfies the
following δ-inequality
(x|y)w ≥ min{(x|z)w, (z|y)w} − δ
for all x, y, z, w ∈ X , where (x|y)w is the Gromov product with respect to w defined
by
(x|y)w = 1
2
[d(x, w) + d(y, w)− d(x, y)].
Definition 2.10. Suppose that (X, d) is a Gromov δ-hyperbolic metric space for
some constant δ ≥ 0.
(1) A sequence {xi} in X is called a Gromov sequence if (xi|xj)w → ∞ as i,
j →∞.
(2) Two such sequences {xi} and {yj} are said to be equivalent if (xi|yi)w →∞.
(3) The Gromov boundary or the boundary at infinity ∂∞X of X is defined to be
the set of all equivalence classes.
(4) For a ∈ X and η ∈ ∂∞X , the Gromov product (a|η)w of a and η is defined
by
(a|η)w = inf
{
lim inf
i→∞
(a|bi)w : {bi} ∈ η
}
.
(5) For ξ, η ∈ ∂∞X , the Gromov product (ξ|η)w of ξ and η is defined by
(ξ|η)w = inf
{
lim inf
i→∞
(ai|bi)w : {ai} ∈ ξ and {bi} ∈ η
}
.
Let X be a proper, geodesic δ-hyperbolic space, and let w ∈ X . We say that X is
K-roughly starlike with respect to w if for each x ∈ X there is some point η ∈ ∂∞X
and a geodesic ray γ = [w, η] emanating from w to η with
dist(x, γ) ≤ K.
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This concept was introduced by Bonk, Heinonen and Koskela [4], see also [5]. They
proved that bounded uniform spaces and every Gromov hyperbolic domain in Rn
are roughly starlike.
For 0 < ε < min{1, 1
5δ
}, define
ρw,ε(ξ, ζ) = e
−ε(ξ|ζ)w
for all ξ, ζ in the Gromov boundary ∂∞X of X with convention e
−∞ = 0.
We now define
dw,ε(ξ, ζ) := inf
{ n∑
i=1
ρw,ε(ξi−1, ξi) : n ≥ 1, ξ = ξ0, ξ1, ..., ξn = ζ ∈ ∂∞X
}
.
Then (∂∞X, dw,ε) is a metric space with
ρw,ε/2 ≤ dw,ε ≤ ρw,ε,
and we call dw,ε the Bourdon metric of ∂∞X based at w with the parameter ε.
Following [9], we say that b : X → R is a Busemann function based at ξ, denoted
by b ∈ B(ξ), if for some w ∈ X , we have
b(x) = bξ,w(x) = bξ(x, w) = (ξ|w)x − (ξ|x)w for x ∈ X.
We next define the Gromov product of x, y ∈ X based at the Busemann function
b = bξ,w ∈ B(ξ) by
(x|y)b = 1
2
(b(x) + b(y)− d(x, y)).
Similarly, for x ∈ X and η ∈ ∂∞X \ {ξ}, the Gromov product (x|η)b of x and η is
defined by
(x|η)b = inf
{
lim inf
i→∞
(x|zi)b : {zi} ∈ η
}
.
For points ξ1, ξ2 ∈ ∂∞X \ {ξ}, we define their Gromov product based at b by
(ξ1|ξ2)b = inf
{
lim inf
i→∞
(xi|yi)b : {xi} ∈ ξ1, {yi} ∈ ξ2}.
According to [9, (3.2) and Example 3.2.1], we know that
(2.11) (x|y)b .=10δ (x|y)w,ξ := (x|y)w − (ξ|x)w − (ξ|y)w,
where x
.
=a y means that |x− y| ≤ a for some real number a ≥ 0.
It follows from [9, Proporsition 3.2.3] that (x|y)b, (y|z)b, (x|z)b form a 22δ-triple
for every x, y, z ∈ X .
Now we recall the definition of the Hamensta¨dt metric of ∂∞X based at ξ or a
Busemann function b = bξ,w ∈ B(ξ). For ε > 0 with e22εδ ≤ 2, define
ρb,ε(ξ1, ξ2) = e
−ε(ξ1|ξ2)b for all ξ1, ξ2 ∈ ∂∞X.
Then for i = 1, 2, 3 with ξi ∈ ∂∞X \ {ξ}, we have
ρb,ε(ξ1, ξ2) ≤ e22εδ max{ρb,ε(ξ1, ξ3), ρb,ε(ξ3, ξ2)}.
That is, ρb,ε is a K
′-quasi-metric on ∂∞X \ {ξ} with K ′ = e22εδ ≤ 2. We now define
σb,ε(x, y) := inf
{ n∑
i=1
ρb,ε(xi−1, xi) : n ≥ 1, x = x0, x1, ..., xn = y ∈ ∂∞X \ {ξ}
}
.
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By [9, Lemma 3.3.3], we see that (∂∞X \ {ξ}, σb,ε) is a metric space with
ρb,ε/2 ≤ σb,ε ≤ ρb,ε.
Then σb,ε is called the Hamensta¨dt metric on the punctured space ∂∞X \ {ξ} based
at ξ with parameter ε.
To conclude this part, we note that ∂∞X equipped with any Bourdon metric is
bounded. However, the punctured space ∂∞X \ {ξ} equipped with any Hamensta¨dt
metric σb,ε is unbounded.
3. Proofs of the main results
3.1. In this subsection, we shall give the proof of Theorem 1.1. To this end, we
introduce some necessary results. The first one is known as Assouad’s embedding
Theorem.
Theorem 3.1. ([9, Theorem 8.1.1]) Let (Z, d) be a doubling metric space. Then for
every s ∈ (0, 1) there is a bilipschitz embedding ϕ : (Z, ds) → RN , where N ∈ N
depends only on s and the doubling constant of the metric d.
Secondly, the following auxiliary result concerns the quasimo¨bius invariance of
doubling metric spaces. We note that this lemma has been proved by Heer [13].
His proof was based on a recent work of the third author and Shanmugalingam
[20]. However, our arguments are quite different and based on Assouad’s embedding
Theorem. We think it is interesting and thus present a proof here.
Lemma 3.2. Let (X, d) and (X ′, d′) be metric spaces, and let f : X → X ′ be a
quasimo¨bius embedding. If X ′ is a doubling metric space, then X is doubling.
Proof. Without loss of generality, we may assume that X ′ = f(X) and f is a homeo-
morphism because the subspace of a doubling metric space is also doubling, see [23,
Remark 2.8]. Then according to Theorem 3.1, we see that there is a quasisymmetric
embedding
ϕ : (X ′, d′)→ Z := ϕ(X ′) ⊂ RN ,
where N ∈ N depends only on the doubling constant of the metric d′. Moreover, we
obtain a quasimo¨bius homeomorphism
g = ϕ ◦ f : X → Z.
In order to show that X is doubling, we consider two cases.
Case 3.3. X is unbounded.
If g(x) → ∞ as x → ∞, by [25, Theorem 3.10], we see that g is quasisymmetric
and thus the claim follows from [23, Theorem 2.10].
If g(x) → p 6= ∞ as x → ∞, we may assume without loss of generality that
g(∞) = 0 ∈ Z. Let
u(x) =
x
|x|2
be the reflection about the unit sphere centered at the origin in RN ∪{∞}. Clearly,
u is a Mo¨bius transformation. It follows that u ◦ g : X → u(Z) is quasimo¨bius
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with u ◦ g(x) → ∞ as x → ∞. Again by [25, Theorem 3.10] we see that u ◦ g is
quasisymmetric. Therefore, it follows from [23, Theorem 2.10] that X is a doubling
metric space.
Case 3.4. X is bounded.
In this case, we consider the spherical metric σ on RN ∪{∞} which is determined
by the length element
|dz|σ = 2|dz|
1 + |z|2 ,
where |dz| is the Euclidean length element and |z| is the Euclidean norm of a point
z ∈ RN . Then g : X → (Z, σ) is a quasimo¨bius map between two bounded metric
spaces, which is actually quasisymmetric. By [23, Theorem 2.10], we see that X is
doubling. 
Next, we show that the Gromov boundary of a hyperbolic space equipped with
any Bourdon metric and Hamensta¨dt metic are quasimo¨bius equivalent.
Lemma 3.5. Let X be a Gromov δ-hyperbolic space and ∂∞X its Gromov boundary.
Then the identity map (∂∞X \ {ξ}, dw,ε)→ (∂∞X \ {ξ}, σb,ε′) is θ-quasimo¨bius with
θ depending only on δ, ε and ε′, where dw,ε is the Bourdon metric based at w ∈ X
with parameter ε > 0 and σb,ε′ is the Ha¨menstadt metric based at the Busemann
function b = bξ,o with parameter ε
′ > 0 for o ∈ X and ξ ∈ ∂∞X.
Proof. For any distinct points xi ∈ ∂∞X \ {ξ}, i = 1, 2, 3, 4, by [9, Lemmas 2.2.2
and 3.2.4] we may assume that all of them lie in X . Thus by (2.11), we obtain
(x1|x2)w + (x3|x4)w − (x1|x3)w − (x2|x4)w
= (x1|x2)o + (x3|x4)o − (x1|x3)o − (x2|x4)o
.
=40δ (x1|x2)b + (x3|x4)b − (x1|x3)b − (x2|x4)b.
Therefore, we have
σb,ε′(x1, x3)σb,ε′(x2, x4)
σb,ε′(x1, x2)σb,ε′(x3, x4)
≤ 4e−ε′[(x1|x2)b+(x3|x4)b−(x1|x3)b−(x2|x4)b]
≤ 4e−40ε′δe−ε′[(x1|x2)w+(x3|x4)w−(x1|x3)w−(x2|x4)w]
≤ 4e−40ε′δ4ε′/ε
[dw,ε(x1, x3)dw,ε(x2, x4)
dw,ε(x1, x2)dw,ε(x3, x4)
]ε′/ε
.
This proves Lemma 3.5. 
Proof of Theorem 1.1. This follows from Lemmas 3.2 and 3.5. 
3.2. In this subsection, we will prove Theorem 1.5 with the aid of the following
auxiliary results. It seems that Lemma 3.6 below is well known, but we failed to
find a reference for its proof. As we will use this to prove Theorem 1.5, we give a
proof here.
Lemma 3.6. Let f : (X, d) → (Y, d′) be a rough (λ, c)-quasi-isometry between two
proper geodesic Gromov hyperbolic spaces. If X is K-roughly starlike with respect to
some point w ∈ X, then Y is K ′-roughly starlike with respect to the point f(w).
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Proof. Since f : X → Y is a rough (λ, c)-quasi-isometry, we see that for any x′ ∈ Y
there is some point x ∈ X such that
(3.7) d′(f(x), x′) ≤ c.
By the assumption that X is K-roughly starlike with respect to w ∈ X , we see that
there is a geodesic ray γ emanating from w to some ξ ∈ ∂∞X and satisfying
(3.8) dist(x, γ) ≤ K.
Moreover, we see from [5, Proposition 6.3] that there is an extension f : ∂∞X →
∂∞Y of f with f(ξ) = ξ
′ ∈ ∂∞Y . Then take another geodesic ray γ′ emanating from
w′ = f(w) to ξ′. Because f(γ) is a rough quasi-isometric ray, it follows from the
extended stability theorem [26, Theorem 6.32] that the Hausdorff distance
(3.9) distH(f(γ), γ
′) ≤ C.
Hence we obtain from (3.7), (3.8) and (3.9) that
dist(x′, γ′) ≤ c+ C + λK + c = K ′,
as desired. 
We now pause to recall certain auxiliary definitions that we shall need. Suppose
that (X, d) is a C-annular quasiconvex, geodesic and proper metric space, and Ω ( X
is a domain. For any x ∈ Ω, denote dΩ(x) = dist(x, ∂Ω). Let 0 < λ ≤ 1/2. Following
[4, Chapter 7] or [14], a point x0 in Ω is said to be a λ-annulus point of Ω, if there
is a point a ∈ ∂Ω such that
t = d(x0, a) = dΩ(x0),
the annulus B(a, t/λ) \ B(a, λt) is contained in Ω.
If x0 is not a λ-annulus point of Ω, then it is said to be a λ-arc point of Ω. Then
we have the following lemma.
Lemma 3.10. Suppose that (X, d) is a C-annular quasiconvex, geodesic and proper
metric space, and Ω ( X is a bounded δ-hyperbolic domain. Then (Ω, k) is K-
roughly starlike with respect to some point w ∈ Ω, where K is a constant depending
only on C and δ.
Proof. Choose a point w such that
dΩ(w) = max{dΩ(x) : x ∈ Ω}.
We shall find a constant K depending only on C and δ such that for each x ∈ Ω
there exists a quasihyperbolic geodesic ray α emanating from w satisfying
distk(x, α) ≤ K.
Let λ = 1/(2C). Fix x ∈ Ω, we consider two cases.
Case 3.11. x is a λ-arc point.
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Then by [14, Lemma 7.3], we see that there exist two points a, b ∈ ∂∞Ω and
a C1-anchor γ connecting a, b with x ∈ γ and C1 = C1(λ, C), where ∂∞Ω is the
Gromov boundary of hyperbolic space (Ω, k). For the definition of anchor see [14,
Definition 7.2]. Moreover, by the definition of anchor, we see that γ is a continuous
quasihyperbolic (C1, C1)-quasigeodesic, that is,
ℓk(γ[x, y]) ≤ C1k(x, y) + C1
for all x, y ∈ γ. On the other hand, we see from [4, Proposition 2.8] that (Ω, k)
is a proper geodesic metric space. Thus there is a quasihyperbolic geodesic line
γ1 connecting a and b. It follows from [14, Lemma 3.4] that the quasihyperbolic
Hausdorff distance
distH(γ, γ1) ≤ C2,
where C2 is a constant depending only on C1 and δ. This implies that there is a
point y ∈ γ1 with
k(x, y) ≤ C2
Moreover, we may join w to a and b by quasihyperbolic geodesic rays α1 and α2,
respectively. Now by [14, Lemma 3.1], we find that
distk(y, α1 ∪ α2) ≤ 24δ,
and thus,
distk(x, α1 ∪ α2) ≤ 24δ + C2 = K,
as desired.
Case 3.12. x is a λ-annular point.
Thus there is a point x0 ∈ ∂Ω with
t = d(x0, x) = dΩ(x),
the annulus B(x0, t/λ) \ B(x0, λt) is contained in Ω. Then choose a quasihyperbolic
geodesic ray α emanating from w to x0. Since d(w, x0) ≥ dΩ(w) ≥ dΩ(x) = t, there
exist a point z ∈ α with d(z, x0) = t. Because X is C-annular quasiconvex, we see
that there is a curve β ⊂ B(x0, Ct) \ B(x0, t/C) connecting x and z with
ℓ(β) ≤ Cd(x, z) ≤ 2Ct.
Note that B(x0, t/λ) \ B(x0, λt) is contained in Ω and λ = 1/(2C), it follows that
β ⊂ Ω and for each u ∈ β, we have dΩ(u) ≥ t/(2C). Therefore, we have
k(x, z) ≤ ℓk(β) ≤ 4C2 = K,
as required. 
Proof of Theorem 1.5. Firstly, it follows from [1, Theorem 6.1] that the Gehring-
Hayman condition and the ball separation condition imply the Gromov hyperbolicty.
It remains to show the necessity. If (Ω, d) is bounded, then the assertion follows from
[18, Theorem 1.2]. If Ω is unbounded, by [18, Corollary 5.2], it suffices to check the
rough starlikeness of (Ω, k).
Towards this end, take a point a ∈ ∂Ω. Denote the sphericalization of metric space
(X, d) associated to the point a by (X˙, d̂a). Since (X, d) is annular quasiconvex, it
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follows from [8, Proposition 6.3 ] that (X, d) is quasiconvex. Hence, [16, Lemma
3.4] implies (Ω, d) is locally quasiconvex. Since a ∈ ∂Ω and (Ω, d) is unbounded, it
follows from [8, Theorem 4.12] that the identity map (Ω, k)→ (Ω, k̂a) is bilipschitz,
where k̂a is the quasihyperbolic metric of Ω with respect to the metric d̂a. It thus
implies that (Ω, k̂a) is Gromov hyperbolic, since (Ω, k) is Gromov hyperbolic and
the quasihyperbolic metric is a length metric. Hence, by Lemma 3.6, we only need
to show that (Ω, k̂a) is roughly starlike.
According to [8, Theorem 6.5(a)], it follows that the space (X˙, d̂a) is quasiconvex
and annularly quasiconvex. Note that the rough starlikeness and Gromov hyperbol-
icity are preserved under bilipschitz mappings. So we may assume that (X˙, d̂a)
is geodesic, because the quasiconvexity condition implies that the identity map
(X˙, d̂a) → (X˙, ℓd̂a) is bilipschitz, where ℓd̂a is the length metric of (X˙, d̂a). Hence,
by Lemma 3.10, we get (Ω, k̂a) is roughly starlike, as desired. 
3.3. The purpose of this subsection is to prove Theorem 1.8. We also need some
useful lemmas. The first one shows that bounded ϕ-uniformity condition implies
the quasihyperbolic growth condition as follows.
Lemma 3.13. Let (Ω, d) be a locally compact, rectifiably connected and incomplete
metric space. If (Ω, d) is bounded and ϕ-uniform, then there is an increasing function
φ : [0,∞)→ [0,∞) such that for all x ∈ Ω
k(w, x) ≤ φ
(d(w)
d(x)
)
,
where w ∈ Ω satisfies d(w) = maxx∈Ω d(x) and k is the quasihyperbolic metric of Ω.
In particularly, we can take φ(t) = ϕ(diamΩ
d(w)
t). Here and hereafter, we use d(x) to
denote the distance from x to the boundary of Ω with respect to the metric d.
Secondly, we verify that the ϕ-uniformity condition is preserved under spherical-
ization.
Lemma 3.14. Let (Ω, d) be a locally compact, c-quasiconvex and incomplete metric
space with a ∈ ∂Ω. If (Ω, d) is unbounded and ϕ-uniform, then there exists a home-
omorphism ψ : [0,∞) → [0,∞) such that the sphericalized space (Ω, d̂a) associated
to a is ψ-uniform.
Proof. Since (Ω, d) is c-quasiconvex, we observe from [8, Proposition 4.3] that there
are constants λ ∈ (0, 1/2) and c0 ≥ 1 depending only on c such that the spheri-
calization (Ω, d̂a) is locally (λ, c0)-quasiconvex. Moreover, we see from [8, Theorem
4.12] that the identity map (Ω, k)→ (Ω, k̂a) is 80c-bilipschitz, where k̂a is the quasi-
hyperbolic metric of (Ω, d̂a).
To prove this lemma, we only need to find a homeomorphism ψ : [0,∞)→ [0,∞)
such that
(3.15) k̂a(x, y) ≤ ψ
(
d̂a(x, y)
d̂a(x) ∧ d̂a(y)
)
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for all x, y ∈ Ω, where d̂a(x) denotes the distance from x to the boundary of Ω with
respect to the metric d̂a. To this end, we divide the proof into two cases.
Case 3.16. d̂a(x, y) ≤ λ3c0 d̂a(x).
A similar argument as in [16, Lemma 3.8] shows that
(3.17) k̂a(x, y) ≤ 3c0 d̂a(x, y)
d̂a(x)
≤ 3c0 d̂a(x, y)
d̂a(x) ∧ d̂a(y)
,
as desired.
Case 3.18. d̂a(x, y) >
λ
3c0
d̂a(x).
Then we claim that for all x ∈ Ω,
(3.19) d̂a(x) ≤ 2d(x)
[1 + d(x, a)]2
.
This can be seen as follows. Take a point x0 ∈ ∂Ω with d(x) = d(x, x0). We
consider two possibilities. If d(x0, a) ≤ 12d(x, a)− 12 , then we have
d(x) ≥ d(x, a)− d(x0, a) ≥ 1
2
(1 + d(x, a)),
and therefore,
d̂a(x) ≤ d̂a(x,∞) ≤ 1
1 + d(x, a)
≤ 2d(x)
[1 + d(x, a)]2
.
On the other hand, if d(x0, a) >
1
2
d(x, a)− 1
2
, thus we have by (2.8) that
d̂a(x) ≤ d̂a(x, x0)
≤ d(x, x0)
[1 + d(x, a)][1 + d(x0, a)]
≤ 2d(x)
[1 + d(x, a)]2
,
as needed. This proves (3.19).
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Now by (2.8) and (3.19), we have for all x, y ∈ Ω,
ĵa(x, y) = log
(
1 +
d̂a(x, y)
d̂a(x) ∧ d̂a(y)
)
≥ 1
2
log
(
1 +
d̂a(x, y)
d̂a(x)
)(
1 +
d̂a(x, y)
d̂a(y)
)
≥ 1
2
log
(
1 +
d(x, y)(1 + d(x, a))2
8d(x)
)(
1 +
d(x, y)(1 + d(y, a))2
8d(y)
)
> log
(
1 +
d(x, y)
8
√
d(x)d(y)
)
> log
√
d(x)d(y) + 2d(x, y)√
d(x)d(y)
− 4 log 2
≥ 1
2
log
(
1 +
d(x, y)
d(x)
)(
1 +
d(x, y)
d(y)
)
− 4 log 2
≥ 1
2
j(x, y)− 4 log 2.
Because the identity map (Ω, k)→ (Ω, k̂a) is 80c-bilipschitz and (Ω, d) is ϕ-uniform,
the above inequality implies that
k̂a(x, y) ≤ 80ck(x, y)(3.20)
≤ 80cϕ(ej(x,y) − 1)
≤ 80cϕ
[
256
(
1 +
d̂a(x, y)
d̂a(x) ∧ d̂a(y)
)2
− 1
]
.
Set ψ(t) = 3c0t whenever 0 ≤ t ≤ λ/3c0, and ψ(t) = 80cc0ϕ(256(1 + t)2 − 1)
whenever t ≥ λ/3c0. Therefore, by (3.17) and (3.20), we obtain (3.15). 
Remark 3.21. In [21], Li, Vuorinen and Zhou proved that quasimo¨bius mappings
preserve ϕ-uniform domains of Rn. In the proof of Lemma 3.14, we calculate the
control function for our needs.
Proof of Theorem 1.8. (1) We assume first that (Ω, d) is bounded. Since (Ω, d, µ) is
Ahlfors Q-regular and (Ω, k) is roughly starlike and Gromov hyperbolic, we see from
[18, Theorem 5.1] that (Ω, d) satisfies the Gehring-Hayman condition. Because (Ω, d)
is ϕ-uniform, it follows from Lemma 3.13 that (Ω, d) satisfies the quasihyperbolic
growth condition with φ(t) = ϕ(diamΩ
d(w)
t). That is, for all x ∈ Ω we have
k(w, x) ≤ φ
(d(w)
d(x)
)
,
where w ∈ Ω satisfies d(w) = maxx∈Ω d(x) and k is the quasihyperbolic metric of Ω.
Note that the conditions∫ ∞
1
dt
ϕ−1(t)
<∞ and
∫ ∞
1
dt
φ−1(t)
<∞
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are mutually equivalent. Therefore, according to [19, Theorem 1.1], we immediately
see that the Gromov boundary and the metric boundary of Ω are homeomorphic.
(2) Assume that (Ω, d) is unbounded. Let a ∈ ∂Ω. Denote by (Ω, d̂a, µa) the
sphericalization of (Ω, d, µ) associated to the point a. Let ℓd̂a be the length metric
of Ω with respect to the metric d̂a. In order to show that there is a homeomorphism
identification ∂Ω ∪ {∞} → ∂∞Ω, we need some preparations.
Firstly, we show that
Claim 3.22. the identity map (∂Ω ∪ {∞}, d) → (∂Ω ∪ {∞}, ℓd̂a) is a homeomor-
phism.
Indeed, by the definition of ℓd̂a , we see that d(xn, a)→∞ if and only if ℓd̂a(xn, a)→
0, as n → ∞. Thus it suffices to verify that for any sequence {xn} ⊂ Ω, {xn} is
Cauchy in the metric d if and only if {xn} is Cauchy in the metric ℓd̂a .
On one hand, by [20, (2.11)] and the quasiconvexity of (Ω, d), it follows that
ℓd̂a(xn, xm) ≤ ℓd(xn, xm) ≤ cd(xn, xm),
where ℓd is the length metric of (Ω, d).
On the other hand, we see from (2.8) that
d(xn, xm) ≤ 4[1 + d(xn, a)][1 + d(xm, a)]ℓd̂a(xn, xm),
as required. We have proved Claim 3.22.
Secondly, we check that
Claim 3.23. (Ω, k̂a) is roughly starlike Gromov hyperbolic and (Ω, ℓd̂a) satisfies the
Gehring-Hayman condition, where k̂a is the quasihyperbolic metric of Ω with respect
to the metric d̂a.
By [8, Theorem 4.12], we see that the identity map (Ω, k) → (Ω, k̂a) is 80c-
bilipschitz. Since (Ω, k) is Gromov hyperbolic, it follows from [7, Page 402, Theorem
1.9] that (Ω, k̂a) is Gromov hyperbolic as well. Since (Ω, k) is roughly starlike, we
see from Lemma 3.6 that (Ω, k̂a) is also roughly starlike. Furthermore, according
to [20, Proposition 3.1], we immediately find that the sphericalization (Ω, d̂a, µa) is
Ahlfors Q-regular. Thus we obtain from [18, Theorem 5.1] that (Ω, ℓd̂a) satisfies the
Gehring-Hayman condition, which shows Claim 3.23.
Next, we claim that
Claim 3.24. there is a natural homeomorphism identification
(∂Ω ∪ {∞}, ℓd̂a)→ (∂∞Ωa, ρ̂),
where ∂∞Ωa is the boundary at infinity of Gromov hyperbolic space (Ω, k̂a) and ρ̂ is
an arbitrary Bourdon metric on ∂∞Ωa.
Since (Ω, d) is ϕ-uniform, we see from Lemma 3.14 and its proof that both the
spaces (Ω, d̂a) and (Ω, ℓd̂a) are ψ-uniform with ψ(t) = 80cϕ(256(1 + t)
2 − 1) for
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all t ≥ 1. Thus it follows from Lemma 3.13 that there is an increasing function
φ : [0,∞)→ [0,∞) and w ∈ Ω such that
k̂a(w, x) ≤ φ
( d̂a(w)
d̂a(x)
)
with φ(t) = ψ( t
d̂a(w)
), since diamd̂a(Ω) ≤ 1 by (2.8). Moreover, it follows from the
definitions of ψ and φ that the conditions∫ ∞
1
dt√
ϕ−1(t)
<∞ and
∫ ∞
1
dt
φ−1(t)
<∞
are mutually equivalent. Now we observe that the conditions [19, (1.3) and (1.5)]
with respect to the metric k̂a are verified. Therefore, it follows from Claim 3.23
and [19, Theorem 1.1] that there is a natural homeomorphism identification (∂Ω ∪
{∞}, ℓd̂a)→ (∂∞Ωa, ρ̂), which proves Claim 3.24.
Finally, since the identity map (Ω, k)→ (Ω, k̂a) is 80c-bilipschitz, we see from [5,
Propositions 6.3 and 6.5] that there is a natural homeomorphism identification
(∂∞Ω, ρ)→ (∂∞Ωa, ρ̂),
where ∂∞Ω is the Gromov boundary of hyperbolic space (Ω, k) and ρ is a Bourdon
metric defined on ∂∞Ω.
Therefore, this together with Claims 3.22 and 3.24 shows that there is a natural
homeomorphism identification ∂Ω∪{∞} → ∂∞Ω. Hence Theorem 1.8 is proved. 
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